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The stability of a plasma diode with respect to longitudinal oscillations is investigated. If there
are free particles emitted by the electrodes, the perturbations do not have the same dynamics as
they would in an infinite plasma, contrary to the case where only particles trapped in the diode are
present. This can be interpreted as due to a coupling of plane waves of different wave lengths,
introduced by the boundary conditions at the electrodes. The occurrence of resonant-particle effects,
on the other hand, is subjected to precisely the same conditions as in an infinite plasma.

Most of the work done in the stability analysis of
collisionless plasmas has dealt with infinite homo-
geneous or weakly inhomogeneous cases. Rather
little has been done yet for finite plasmas, in parti-
cular for plasmas contained between electrodes or
walls, while many laboratory plasmas are of this
type. These have been mainly considered so far in
the context of calculations of their response charac-
teristics with respect to an external electric field,
assuming that the plasma is stable. Both the case of
a semi-infinite plasma confined by a single wall
and that of a plasma diode has been treated (cf.
e. g.,178). Also situations where the plasma is con-
fined by a particular space-dependent electrostatic
potential have been investigated 971!. Whereas a
general kinetic theory of the stability of inhomo-
geneous equilibria has been developed by BUNE-
MAN 2 and BERNSTEIN 13, an explicit solution has
been derived only for the case of special inhomo-
geneous electron plasmas, relevant to the problem
of the neutralization of ion beams, by ROSENBLUTH,
PEARLSTEIN, and STUART, using a variational prin-
ciple 4. Besides, conclusive results about stability
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have been obtained only in the case of a plasma
diode with perfectly reflecting walls, which can be
shown to be equivalent to that of an infinite homo-
geneous plasma with special periodicity of the per-
turbation 1% 16 (cf. also Refs. 17).

In this paper we investigate the problem of the
stability of a plasma diode against electrostatic
longitudinal oscillations, allowing for particle emis-
sion from, and absorption at, the electrodes. We use
a kinetic treatment based on the Vlasov equation,
supposing the particle densities sufficiently low for
collisions to be negligible.

In Sect. I we define the model used to represent
the plasma diode, i. e., the self-consistent equilibri-
um we start from. In Sect. II the corresponding
particle orbits are given, and the particles are classi-
fied according to the kind of their motion. Sect. III
contains the integration of the linearized collisionless
Vlasov equation over the particle orbits according
to the usual scheme, leading to explicit expressions
for the first order distribution functions of the plas-
ma particles. In Sect. IV we write the complete dis-
persion relation of the problem, bringing it into a
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form which displays the physical origin of the dif-
ferent terms. As this dispersion relation is very com-
plex, it is impossible to solve it explicitly. Never-
theless, some information about its physical content
can be gained. The structure of the terms coming
from free particles (particles emitted into the system
from, and reabsorbed by, the walls) and from trap-
ped particles (reflected by the walls and staying in
the system indefinitely) is clearly different. One is
therefore naturally led to consider two auxiliary
problems: a plasma diode containing only trapped
particles and one in which all particles are free.
These two cases are studied separately in Sect. V
and VI, respectively. A comparison of them in re-
lation to the case of an infinite homogeneous plasma
reveals the different role played by the two kinds of
particles and permits us to draw some conclusions
about the situation in a real plasma diode.

I. Equilibrium

Let us consider a one-dimensional, finite system
of length 2 L, bounded by two hot plates, kept in
general at different potentials. Each plate emits par-
ticles into the plasma. As a consequence, a charged
sheath will appear in front of each plate, whereas
charge neutrality is maintained inside the plasma.
As is well known, the thickness of the sheath is of
the order of the Debye length of the plasma, which
we assume much smaller than the dimension of the
system and the relevant wave lengths of the pertur-
bations to be considered.

Then we can ignore the width of the sheaths, and
take a square profile for the electric potential,
e. g., as represented in Fig. 1 (for the case of
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Fig. 1. Example of a potential distribution in a plasma diode
(electron-rich sheaths).

electron-rich sheaths). Corresponding to this poten-
tial, one has zeroth order distribution functions
fio(vs) of electrons (j=e) and ions (j=1) of the
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type represented in Fig. 2. The example plotted re-
fers to the self-consistent equilibrium considered by
SESTERO and ZANNETTI!8 where the distributions are
made up of pieces of Maxwellians. For the wall po-
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Fig. 2. Particle distribution functions in a plasma diode with
electron-rich sheaths: a) electron distribution, b) ion distribu-
tion; v, is defined by Eq. (1.1a).

tentials /'y and V', chosen, the distribution of the
electrons is discontinuous at v, =0, that of the ions
at v, = v, , where v, is defined by

vo=V2e Vg/mi 5

with e the elementary charge and m; the ion mass.
For reference, we introduce also

v, =V2eVm;.

(1.1a)

(1.1b)

In the following we shall mainly refer to a situa-
tion of the kind just described. The generalization
to an arbitrary square potential is straightforward.

II. Particle Orbits

We divide the plasma particles into two catego-
ries, calling free particles those which are emitted
and reabsorbed by the walls (and therefore stay
only for a finite time in the system), and trapped
particles those which move back and forth between
the electrodes indefinitely.

We then see that for the example of the square
potential of Fig. 1 (electron-rich sheaths), the elec-
trons are always accelerated towards the walls in the
actual sheath regions, and are therefore all free in
the above sense, i.e., an electron, emitted from a

18 A. SEsTERO and M. ZANNETTI, Nuovo Cimento 51 B, 230
[1967].
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wall, will traverse the system once and will then be
absorbed by the opposite wall.

The situation is quite different for the ions, which,
for some energies, can be reflected from the walls.
We therefore have both free and trapped ions. A
classification of the possible ion orbits can be best
made using an x —v, diagram (Fig. 3). There are
three essentially different classes of ion orbits:

*

CLASS B2
V2
l
CLASS C
|w
T
CLASS A F——x
~L | +L
[
CLASS C
F-———— et
CLASS B,

Fig. 3. Classification of ions according to their orbits for a
plasma diode with electron-rich sheaths; v, and v, are deter-
mined by Egs. (1.1).

Class A:

These ions have not enough energy to cross either
of the potential barriers at the walls. Therefore they
are trapped and travel back and forth between the
electrodes indefinitely.

Class B:

These ions have sufficient energy to pass through
the potential barriers at both walls. Therefore this
class is made up of ions which are emitted from one
wall, traverse the system once, and are then absorb-
ed by the opposite wall. The subclass B; contains
particles emitted at x=L, the subclass B, those
starting from z = — L.

Class C:

These ions are emitted from the electrode at
x= +L with v,<0. They traverse the system to-
wards the electrode at = — L, which is at a poten-
tial V3>V, but do not have enough energy to
reach it, hence they are reflected (v,>0), travel
back, and are reabsorbed at z= + L.

The differences in the ion motions, expressed by
this classification, are important when one wants to
integrate Vlasov’s equation with respect to time, in
spite of the fact that the explicit analytical expres-

Ivzi<”1

|v1|zv2

U1§IUI|<'U2
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sion for the orbits is equal in all cases, namely
z(f) =z +v,(t —1) (2.1)

(valid, of course, only for ¢ and ¢t such that no re-
flection, emission or absorption occurs between the
two time instants).

It may be noted that, in the sense of the above
classification, the electrons, in the example consider-
ed, are all to be regarded as particles of class B.

II1. First Order Distribution

We start from the linearized Vlasov equation for
the perturbed distribution f;; of particles of charge
¢; and mass m;

Sfit Sfi1

Sfio
e THETY, V2

qi
Foglly 5t = (3.1)

For all the linearized quantities we introduce an ex-
ponential behaviour in time, e. g., for the electric

field

E,(z,t) =E,(z) e (3.2)

with Im (w) <O to ensure convergence, as t — — ~,
of all integrals to be evaluated in the following.

Then we integrate Eq. (3.1) along the (unper-
turbed) orbits in the usual way, considering separa-
tely the three classes of particles defined in the pre-
ceding Section. Thereby we do not specify, for the
time being, the particle species nor the correspond-
ing velocity intervals. Of course, in a linear approxi-
mation the dynamics of particles belonging margi-
nally to one of the above classes is not treated pro-
perly, as far as the presence of the perturbation
permits them to pass from one class into another.
This means that their orbits are strongly perturbed
even by a small field perturbation. The number of
these “exceptional” particles decreases with the am-
plitude of the perturbation. It is a well-known con-
dition for the validity of the linear approach that
the over-all effect of such particles must be negli-
gible.

A. Trapped particles

The formal solution of the Vlasov equation (3.1)
is
" 0
fin(z,v0) = = B2 40 B, [2(2)] et

mj av;

(3.3)

oC

(having introduced the integration variable 7 = ¢’ — ).
Since for trapped particles the orbit z(7) is peri-
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odic with period Upon introducing also spatial Fourier series for the
Pt L] g, (3.4) linearized quantities, namely, for a given A (x),
hy(z) = Z hyp eo® (3.8)

it is convenient to introduce a Fourier series with
respect to 7 for £y, i. e.,

—aL

& Louslr where
Ei[z(7)] = ; Efn e (3.5) ky=nap/aL with p integer, (3.9)
Wlth +al
0 1 .
i . hi,= —— | h —ikpz .
Ei= ;'_fEl[x(T)] e~ 2T g | (3.6) 17~ 94 Lf 1(2) e dz., (3.10)
0

where the superscript T of Ey, refers to the sign of ‘(V; 7d)e1;:)ve e o ok ot g ()

v, . Then Eq. (3.3) yields
g Sfj Ei (@) fi (v)=—ﬂ%2y (v,) E (3.11)
fi (:L‘ Ux)= 4j Cljo zf Ln i1p\Vz m; vz = qp\Vz 1q .

i mj dvy w i+ (@n/2L) |vz 1"
(3.7)  with
= 1 sinfaz(p/a—n/2)] [sin[a(g/a—n/2)] nt1 sin[z(g/a+n/2)] |
7o) = 2 faotann D 2enand | aamd DT i | (312

In the preceding formulae, different choices for the parameter a correspond to using different sets of
fundamental functions for the description of the space dependence of the perturbations. Correspondingly,
the continuation of the physical quantities outside the physical interval —L < # < L depends on a. E. g.,
for a=1 the period of the continued perturbation is 2 L, for o =2 it is 4 L. Since the only requirement
for an expansion to be acceptable is that any physically possible perturbation of the form (3.2) can be
represented, suitable constraints on the expansion coefficients can be introduced for values of a>1. Ad-
vantage can be taken of this liberty in the choice of the expansion (3.8) to simplify the dispersion relation
and the eigenmodes of the problem (cf. Sect. V).

B. Free particles traversing the system once

According to Eq. (2.1) for the orbits, a free particle which is at the point z at a time ¢, moving with
velocity v, , has left the wall (z= —L if v,>0, x = + L if v,<0) at the time

t**(z,v;,t) =t— (xx L) /v, (3.13)

where the upper sign and upper subscript correspond to positive velocities (class B,), the lower to negative
velocities (class B;). The formal solution of the linearized Vlasov equation (3.1) is now

fi(2, 050 8) = fE(F L, vy t*2) — 2 *af’(’fdt Ey[z()] e (3.14)
where (¥ L, v,,t) represents the boundary conditions for = * L and v, =0, assumed to be of the form
fﬁ(ILavamt) =fj1($L’¥Ivz|) oot (3.15)
Introducing a Fourier representation according to Eqgs. (3.8) to (3.10), Eq. (3.14) yields **
- _ — L|vz+: 3
fi(v2) = fun(F L, F v, ) e¥ietio »s‘“j%“;/,fjinj,”-’f = e 30k (v Bug (3.16)
with /
1 i =;(@L , 7g)|sin(@wLjvs+ap) | 7
ap(vz) = TR léq,,——exp[%-z(l‘r g )] e linte | (3.17)

From Eq. (3.17) it is easily seen that for a =1 the matrix aj, (v,) is symmetric in ¢ and p.

19 Cf. M. DoBROWOLNY, F. ENGELMANN, and A. SESTERO, Internal Report LGI 68/24, Laboratori Gas Ionizzati, Frascati, Italy.
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C. Free particles traversing the system twice

The calculation for free particles traversing the system twice proceeds analogously to that for the free
particles which cross the system only once; some additional care must, however, be exercised.
In the example considered these particles are ions, starting from xz= +L with negative velocity

—0, <V, S — vy

Thus if v,<0 at the time ¢, the particle is on its first trip across the system. Cor-

respondingly formula (3.16) with the lower signs, valid for class B;, applies, that is for —v,<v, < — v,

one has

fito (v2) = fi1 (L, v;) 'Ll

sin(@a @ L/vz+7 p)
awLfve+ap

_ 9 %S
mj vz q

(3.18)

agp(vz) Eyg -

However, if v,>0 at the time ¢, the particle is on its second trip across the system, having been reflected

at = — L. Then the contributions from both trips must be taken into account, yielding
—8iwL/v. Sin(a @ Lvz+a p) i of;
fitp (v2) = fit (L, —v,) e73iwtlv= "S'ID;Q','Z‘/,}Z;::,,T = ;‘,I;J Sur g [Ban (va) +gp(v2) ] Erg - (3.19)
where v; < v, <wv, and
Bop(vs) = — 2L e 2ioL/vs sin(a @ L/vz+a p) _sin(w L/vz—x g/a) (3.20)

In Eq. (3.19) the first term on the right-hand side
represents the contribution of the first trip across
the system, while the second term, connected with
the second trip, parallels the expression that we ob-
tained for the particles of class B, .

IV. Dispersion Equation

If we insert the distribution function calculated in
Sect. I1I into Poisson’s equation

+o0
ika1p=4‘ﬂe_,[[fi1p(vz) _felp(vz)] dvz (4‘-1)

and pay due attention, in the integrations over velo-
city, to the classification of particles given in Sect. II,
we arrive at a system of linear, inhomogeneous equa-
tions for the Fourier components E;, of the per-
turbed electric field. Therein the inhomogeneous
terms are due to the boundary conditions at x= + L
and, hence, depend linearly on f;;(F L, =|v.|).
Now two different cases are possible. First, if the
boundary conditions (3.15) are imposed by exter-
nal means, the above system determines, for any

awLjvz+xp

w Ljvg—m g

nents Ey, as functions of the amplitude of the per-
turbation at the boundaries, and of p. Such a situa-
tion is to be considered when one wants to calculate
the response characteristics of the plasma diode *~8
Secondly, in the absence of an external excitation,
the boundary conditions may describe some coupling
between the particle emission from the electrodes
and the perturbation present in the plasma. Then
fit(¥L, £|v,|) can be expressed in terms of that
perturbation. As a consequence, the above system
of equations becomes homogeneous and yields a dis-
persion relation which determines the fundamental
frequencies @ of the diode. This is the situation in
which we are interested here.

The simplest case of this kind is the one where
fi(FL, £[v;[) =0 (4.2)

is valid, i. e., where the particle emission from the
walls is unaffected by the perturbation of the plasma.
Then Egs. (3.11), (3.16), (3.18), (3.19), and
(4.1) yield for the example of Sect. I

given frequency o, directly the Fourier compo- ‘;[6"” + Aol E1g=0 (4:3)
with

4 > 1 a (A (B) afuaz)
Agp= ;;C: mi { f /qp(vz) e fduz - agp(vz) fdvz e “;; (vz)

-
o8 |, 0 ’ : |
(1? 7 e (Bl (B2
s jdv.r 'avz [ﬂ(m(vr) +a;;1(vr)] | 77’;7 me lfdvz a aqp(vz) = fdvr vz O(;;, (vz) | (4.4)
i
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where superscripts have been added to the distribu-
tion functions fjy to indicate the origin of the vari-
ous terms according to the classification of Sect. II.
In Eq. (4.4) the discontinuities of the functions
fi" at the limits of the range of integration have
to be treated as occurring inside this range.

The requirement that the system (4.3) have non-
trivial solutions, yields the dispersion relation

Det || 6,5+ 44 | =0. (4.5)

The matrix in Eq. (4.5) is infinite and nondiagonal.
Solving Eq. (4.5) is a rather formidable problem
(even from the numerical point of view). In order
to throw some light on its content, we shall in the
following consider separately the contribution from
trapped particles and that from free particles; more
precisely, we shall discuss two auxiliary problems:
1) a plasma diode with trapped particles only, 2) a
plasma diode in which only free particles, crossing
the system once, are present.

As a last step, we shall then extrapolate the con-
clusions reached in the above two auxiliary problems
to a plasma diode containing all types of particles.

V. Diode where all Particles are Trapped

Let us consider a situation in which a plasma
diode contains only trapped particles. This would
require, e. g., infinitely strong space charge double-
sheath in front of the electrodes, reflecting all
ions and electrons. Hence, this case is identical with
that investigated by MONTGOMERY and GORMAN 15,
Their results can be easily re-derived from the pre-
ceding general formulation.

As a consequence of the reflection of the particles
at the walls, the current is zero at x= + L; there-
from and from Ampere’s law it follows that one has,
for the perturbed electric field, the condition

Ei(z=*L)=0, (5.1)

to be satisfied by the Fourier series (3.8) for E,(x).
A particularly simple formulation is obtained by
choosing the parameter a=2 and specializing Eq.

(3.8) for E{(x) to
E(x) =

. _paz
2 E , cos Y3

2iEq, sin

N
p>0,0dd

s

et
p>0,even

pa T
‘ o (52
with Ej, being real (purely imaginary) for p odd
(even). In this expansion every term fulfills condi-
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tion (5.1) separately. On the other hand, the form
of the series (5.2) does not impose any further re-
striction (apart from square-integrability) on the
perturbation E, (z).

With a=2 and Eq. (5.2) for E,(z), formula
(3.11) for the first-order distributions becomes
g Ofio  Eip

mj Quz i(w+apuvg/2L) ° (5.3)

fj 1p(vz) = =

which coincides with the corresponding relation for
an infinite homogeneous plasma with the specifica-
tion

(5.4)

Consequently, also the dispersion relation following
from Eq. (4.1) is the same as in the case of an in-
finite homogeneous plasma. The fundamental modes
of the problem are identical with the single terms
of the expansion (5.2), i.e., they are standing plane
waves, built up as a superposition of two waves with
equal wave lengths, propagating in opposite direc-
tions.

One therefore concludes: The fundamental modes
of a diode containing only trapped particles are a
subclass of those of an infinite homogeneous plasma
which has the same particle distribution functions,
the admissible wave lengths forming a discrete set.
The corresponding fundamental frequencies coincide
in both problems. In particular, if the infinite case
is stable. this holds also for a plasma “trapped” be-
tween walls. These are the essential results of Ref. 1.

k=k,=np/2L.

VI. Diode Containing only free Particles

We consider now a second auxiliary problem in
which we have a plasma diode containing only free
particles crossing the system once. This would be
true for an equilibrium in which the potential walls
in front of the electrodes are absent, so that the po-
tential between the plates (emitting and absorbing
plasma particles) is constant, which is admittedly a
rather artificial situation. It allows us, however, to
exemplify the role of free particles in a finite system.

In this case the dispersion relation (4.5) reduces
to

Det || &(kq, ) 8yp+Fyp || =0 (6.1)

where

- Cfi0/Cux
T (w+kque)

(6.2)

+oo
1< 4.7q]'2/‘

e(k,,w)=1- ot dv
—0oC
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is the (longitudinal) dielectric constant of an in-
finite homogeneous plasma and

<47q
qu: lAp Eil - (fd Ve ’\Ux O(qp(v_,;)
+[dvr Poss ] (63)
with
~ =k ( )= =+ )_ 601’ -
“qp Uz —a@(vl l(a)+kqvl-)

exp{+ i(w Ljvz+= g/a) sin(aw Lfvz+ap) |

(@ Lfvz+a p)
(6.4)

The dispersion matrix is, hence, infinite and non-
diagonal, nor can it be diagonalized by simple com-
binations of propagating plane waves as in the case
of a diode containing only trapped particles. Never-
theless, some general features, and especially, the
relations between the present problem and the case
of an infinite homogeneous plasma can be displayed.

First of all, in the limit L — oo the expression
(3.16) for fiip (v;) in terms of Ej, goes over into
that valid for an infinite homogeneous plasma, pro-
vided that a is chosen equal to 1. Correspondingly,
the dispersion relation (6.1) takes the form

e(ky, ) =0

i(w+7 quzf/a L)

(6.5)

The contributions due to the finiteness of the system
tend to zero as 1/L when L — .

For finite L, the fundamental modes of the prob-
lem are no longer plane waves of given wavelength
as for an infinite homogeneous plasma, and a plasma
diode containing only trapped particles, but a super-
position of an infinite number of them. In the dis-
persion relation (6.1) the interaction between dif-
ferent propagating plane waves is described by the
off-diagonal elements of the matrix Fg,. This inter-
action is due to the boundary conditions on the elec-
trodes. In fact, if we compare our boundary value
formulation (3.14) of the free-particle problem with
the usual initial value formulation for an infinite
system, for which

fjl(x’ v.tst) :fjl(x-vz t, UI,O)
t

_ 9 Sfio f At Ey[2(),{]  (6.6)
0

mj vz

with fj;(z, vy, 0) being the perturbation at time
t=0, we see that the former can be re-formulated in
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terms of the latter, taking

fir (@00, 0) = i (FLw, — ZF)
af‘(Itl)/v,
= Zf, ’a;’: fdt' E[z(£),f1 (6.7)
0
for v, = 0. The particular boundary condition (4.2)

corresponds to an initial condition
3 —(@xD/ve
q; Sfio ’ ’ ’
fir(mva,0) = = S0 [y B, [2(0), 1
0

for v,=0.

(6.8)

Hence, this contributes to the dispersion matrix and,
because of its double dependence on z through
E(x) and the upper limit of the integral, introduces
off-diagonal matrix elements.

As a general rule, the influence of the finiteness
of the system is small if

t=Lflv.|>1/y (6.9)
holds for typical particle velocities, y = —Im®
being the gowth rate of the mode [cf. Eqs. (3.17)
and (6.1) to (6.4) with a=1]. Since 7 is the tran-
sit time of a particle of velocity v, , condition (6.9)
is satisfied if, for a typical particle, this time is
large compared with the growth time of the instabi-
lity. If condition (6.9) is violated, there are always
groups of plane waves which strongly couple, and
the dispersion relation is modified with respect to
the case of an infinite plasma.

Let us now investigate the occurence of resonant
effects due to free particles, concentrating on the dia-
gonal term in Eq. (3.17) which is the only one sur-
viving in the limit L — oo. This can be done along
the lines discussed for the initial value problem in
an infinite plasma in the Appendix. One observes
from Eq. (3.17) that, for finite L, a5 (v,) and,
hence, f;i, (v;) are regular for

v,—> —owlk,= —wL[ap,

where again a =1 has been taken. If one associates,
as is usually done, resonant effects with the occur-
rence of a pole in fi, (v;), one would be led to
conclude that for finite L resonant effects are absent.
As shown in the Appendix for the initial value prob-
lem in an infinite plasma, this argument is, however,
not conclusive. The situation is, in fact, completely
analogous in both cases.

Defining as resonant those free particles which
travel less than half a wave length with respect to



1242

the frame of reference moving with a given wave
during the time 7, i. e., for which

|(k,v,+ )l < with § =Rew (6.10)

holds, one obtains, e. g., for the mean variation of
their kinetic energy density,

dW; q.z l E 12 af
(El)res =— ’J;mj’w—. vy favi: a,if;, (vg) dvg + c.c.
res
o @’ |Enl® f Sfio
~ — — i v, 3oy dv, (6.11)
res

upon assuming f < 1/y and expanding aj;;, (v,) as
given by Eq. (3.17) for |(k,v,+w) #|<1. The
width of the resonant velocity range is now, accord-
ing to Eq. (6.10),

Avy=alk,t, (6.12)
so that one obtains for

Ao, < [ﬂ/kphvtj

with vy characterizing the scale of variation of
f;0(v;) around v,= — f/k,, or equivalently for

I=Lk,/|B|>1/|B|, 1k, vy (6.13)
the estimate
awi g |Eip |2 B (%‘g)
( dt )res SN mj kp? \ Qvz Jv.=—pk,
(6.14)

This result coincides with the variation of the ener-
gy density of resonant particles as calculated from
the pole of fij, (v,) in the limit L— . Hence,
also free particles cause resonant effects, provided
that condition (6.13) is satisfied. The meaning of
this condition is completely analogous to that of re-
lation (A.11) in the case of the initial value prob-
lem for an infinite plasma: in passing through the
system, the number of resonant particles, which de-
creases with the distance from the emitting electrode,
must become small compared to the total number of
particles emitted. Finally it may be noted that the
first part of condition (6.13) can be written also

p>1;

it is, hence, fulfilled for all plane waves of wave-
length small compared to L.

Finally, it may be noted that the essential results
of this Section can be easily shown to apply also in
the presence of free particles traversing the diode
twice.

M. DOBROWOLNY, F. ENGELMANN, AND A. SESTERO

Conclusions

The preceding analysis shows that the stability
properties of a plasma diode may differ significantly
from those of an infinite plasma, having the same
velocity distributions of the particles. This is main-
ly due to a coupling between plane waves of differ-
ent wavelength, introduced by the presence of
“free” particles, emitted into the system from the
electrodes, for which given boundary conditions are
to be satisfied. However, if the growth time of an
instability is short compared with the transit times
of the bulk of the free particles moving through the
system, this coupling is weak and the dynamics of
the modes is approximately equal to that in the cor-
responding infinite system. As to the resonant-par-
ticle effects, these occur in a finite system under pre-
cisely the same conditions as in an infinite plasma:
the duration of the interaction with the wave must
be long enough for the number of resonant particles
to be small compared to the total number of par-
ticles present.

The authors are indebted to Dr. A. NOCENTINI for
discussions.

Appendix:
Resonant Particle Effects in an Infinite Plasma

For comparison we consider in this Appendix
how, and under what circumstances, resonant par-
ticle effects arise in an infinite plasma, when there
is an initial perturbation at time ¢=0. Thereby, we
strongly rely on the work on Landau damping by
DawsoN 20, STix?2!, and O’NEIL 22

For simplicity, we limit ourselves to a single
longitudinal mode, whose electric field is

Ei(z,t) =2FEycos(kx+wt)

=E,e*ztet) 4. (A.1)

and assume that within a certain range of velocities,
to be identified later with the resonant domain, the
initial perturbation of the distribution function of
the species j of plasma particles vanishes, so that
there, as a consequence of the linearized Vlasov
equation (3.1),
Fule £) = — g Ey  Sfjo/Cuz
i1\&, Vg, 8) = mj i(kvs+w)

v [1 _ e—i(w+kr1)t] ei(kz-#wt) +e.c. (A.2)
20 J. DawsoN, Phys. Fluids 4, 869 [1961].
T. H. Stix, The Theory of Plasma Waves, McGraw-Hill
Book Co., Inc., New York 1962, pp. 132—136.
TH. O’NEIL, Phys. Fluids 8, 2255 [1965].
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holds. The resonant velocity domain is physically
defined by those particles which, during the time ¢,
have travelled less than half a wavelength with re-
spect to a frame of reference moving with the wave,
so that they have been subjected to a non-oscillating
field. This condition can be expressed by

|[(kv,+B) t|<n with f=Rew.
Let us consider, e. g., the mean variation of the

kinetic energy density of the particles due to the
presence of the wave

(A.3)

z+A
dW 1 ’ ’ ’
(%) = 5[ [dv. i Es @0 v s (@000
(A.4)

where =2 a/k. With Eqs. (A.1) and (A.2) this
yields

(LW:' __a’lE P [ vz (3fjo/Svz).
dt ) mj i(kvr+w)
‘[1—e iloThua)t] dp, 4 c.c. (A.5)

Usually the term containing e!(“*#v2)? js neglected

for large t. This can be justified by deforming the
contour of the v, integration into a Landau path
(cf., e. g.,23). Then the remaining integrand in Eq.
(A.5) has a resonant character for v,— — o/k and
the contribution of the corresponding pole to the
integral is identified with resonant particle effects.
If |y|=|Imw]| is small, this yields

aw;)  _ a*| B B (?lm,)
( dt )res = — mj k2 \ Quz Jv.=—plk (A6)
for the variation of the energy density of resonant

particles.

More physical insight is, however, achieved by
calculating the variation of the energy density of
resonant particles from the complete expression of

23 1. B. BERNSTEIN and F. ENGELMANN, Phys. Fluids 9, 937
[1966].
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Eq. (A.5) and the physical definition (A.3) of re-
sonant particles. In this context it is important to
emphasize that the integrand of Eq. (A.5), as it
stands, has no pole at v, = — w/k, so that its intro-
duction and use for describing resonant particle ef-
fects might seem a mathematical artifice. Assuming
that |y ¢ <1 is also valid, Eq. (A.5) yields, ex-
panding e!(“T*u)t for | (w + kv,) t]| <1,

dW; qi® | Ey |2 f 3fio
<dt )WSN—.‘Z e t v, vzdvr.

(A7)

res

Since the width of the resonant range follows from

Eq. (A.3) to be

Av,=a=alkt, (A.8)
one obtains from Eq. (A.7) for
dv, < | Bk, vy, (A.9)

where vy; characterizes the scale of variation of

fio(v;) around v, = — f/k, the estimate
awi\ g | Ey |2 ﬁf(?@)
( de )res = mj  k* \Qug/v.=—plk bt

which is identical with the result of Eq. (A.6). This
shows that the somewhat formal introduction of re-
sonant effects in the usual mathematical procedure
is, in fact, equivalent to considering the effects of
resonant particles as defined by Eq. (A.3), provided
that

¢ 1|81, kv, (A11)

holds. According to Eq. (A.8), the number of reso-
nant particles decreases with time, for ¢=0 all par-
ticles being resonant. Condition (A.11) ensures that
t is large enough for the number of resonant parti-
cles to become small compared to the total particle
number. Of course, the preceding linear analysis is
limited, on the other hand, to times ¢ smaller than
the oscillation period of particles trapped in the
wave 22,



